The sound radiation of a railway in close to proximity to a ground (both rigid and absorptive) is predicted by the boundary element method (BEM) in two dimensions (2D). Results are given in terms of the radiation ratio for both vertical and lateral motion of the rail, when the effects of the acoustic boundary conditions due to the sleepers and ballast are taken into account in the numerical models. Allowance is made for the effect of wave propagation along the rail by applying a correction in the 2D modelling. It is shown that the 2D correction is necessary at low frequency, for both vertical and lateral motion of an unsupported rail, especially in the vicinity of the corresponding critical frequency. However, this correction is not applicable for a supported rail; for vertical motion no correction is needed to the 2D result while for lateral motion the corresponding correction would depend on the pad stiffness. Finally, the corresponding numerical predictions of the sound radiation from a rail are verified by comparison with experimental results obtained using a 1/5 scale rail model in different configurations.
Introduction

1.
Railways are generally viewed as an environmentally-friendly and sustainable means of transportation. However, noise and vibration often lead to adverse reactions to both new and existing railways. The most important source of environmental noise from railways is rolling noise. It is produced by vibration of the track and wheel, which is induced by their combined surface roughness at the wheel/rail contact [1] . The relative importance of the wheel and track radiation depends on details of their design, the roughness spectra and the train speed [1] .
Nonetheless, the component of noise radiated by the rail is often the highest, and dominates the important mid-frequency region between 400 and 2000 Hz. It is therefore necessary to understand the mechanisms of sound radiation by railway track in order to implement effective noise control measures.
Comprehensive analytical formulas were proposed by Remington [2] to predict wheel/rail rolling noise in urban rail transit systems based on the characterisation of the wheel/rail dynamic system developed in [3] . The results agreed well with measured wayside noise. For the sound radiation from the rail, using the model of Bender and Remington [4] , the radiation efficiency was based on the uniform motion of simple cylindrical beams for both vertical and horizontal motion with an assumption that the rail was located in free field. Later, this theoretical analysis to predict wheel/rail rolling noise was expanded [5] . In particular, the noise propagation was estimated by modelling the ground as a finite impedance plane using the approach of Chessell [6] . Also, an extensive series of field measurements on a full scale urban rail transit vehicle was carried out [7] for comparison with the prediction of the wayside noise during a train passby by using the theoretical model in [5] . 3 Thompson extended these engineering methods for predicting rolling noise [8] and a software package, known as TWINS ('Track-Wheel Interaction Noise Software'), was produced [9] [10] .
For the sound radiation from the rail in the TWINS model, a multiple source model based on the geometry of the rail cross-section was used to represent the vibrating rail [11] . One of the assumptions in this model, as in Bender and Remington [4] , was that the rail radiation could be modelled in a free field. Similar results were obtained by using a two-dimensional boundary element model of the rail radiation in free space [12] . Comparisons with a three-dimensional model were also presented in [12] showing that a two-dimensional model gives satisfactory results in most practical cases for frequencies above about 250 Hz. Below this frequency, allowance should be made for the high decay rate of vibration along the rail which means that the radiation resembles that from a point source instead of a line source.
Nilsson et al. [13] used a combination of waveguide finite elements and wavenumber boundary elements to calculate the sound radiation from a rail including an embedded rail as well as a rail in free space. Recently, the directivity of noise radiated by a rail has also been investigated by several authors [14] [15] [16] .
The TWINS model for rolling noise has been validated by means of field measurements during train passby [9] [10] [17] . This showed reasonably good agreement between measurements and predictions over a wide range of conditions. Particularly where the noise was predicted directly from the measured vibration the agreement was good; larger uncertainty was found in the prediction of the vibration from the surface roughness.
In practice, the rail is not located in free space but is in close proximity to the ground. This consists of ballast, which is partially absorptive, and sleepers (or cross ties) which are reflective.
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This is expected to influence the results at low frequency, but since the sleepers dominate the radiated noise below about 400 Hz [1] , it has been neglected up to now. In the current work, the effect of the proximity of the ground on the rail radiation is studied in terms of its radiation ratio.
In order to propose a more realistic model to predict the noise from the rail at low frequencies, the effects of acoustic boundary conditions due to the sleeper and ballast are taken into account.
Results are presented initially for the radiation ratio of the rail in different conditions (in free space, attached to a rigid ground and above a rigid ground) by using the boundary element method (BEM) in two dimensions (2D), for both vertical and horizontal vibration. Then numerical calculations are presented which investigate the effects on the sound radiation of an absorptive ground in close proximity to the rail. Allowance is made for the effect of wave propagation along the rail by applying a wavenumber correction in the 2D modelling. Sound radiation from the rail in two dimensions 2.
The sound radiation from the rail is presented here in terms of the radiation ratio, or radiation efficiency, which can be written as 2 00
where 00 ,c  are the density of the air and the speed of sound, respectively, W is the radiated sound power of the structure, S is its total surface area and 2 v is the surface-averaged meansquare normal velocity. The quantities , W  and v are functions of frequency.
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The geometry of a rail can be considered as two-dimensional, with the third dimension being effectively infinite. Then W becomes the power per unit length and S becomes the perimeter length. As the wavelength of rail vibration is generally large compared with the acoustic wavelength, the radiated sound field can be approximated as two-dimensional, allowing it to be calculated using a two-dimensional boundary element model. The validity of such an approach has been considered in Ref. 12 and shown to be valid in practical situations for a rail in situ above about 250 Hz, giving results within approximately 2 dB of that for the three-dimensional case.
Effects of a rigid ground on the sound radiation from the rail
The sound radiation for a CEN60E1 rail is investigated here using a two-dimensional boundary element model based on the direct BEM approach [18] and written in Matlab. Three cases are considered, as shown schematically in Fig. 1 . As well as a rail in free field, these are a rail attached to a rigid surface, and a rail at a certain distance above the rigid surface. The former case can represent a rail attached to a sleeper or track slab via a flexible pad. The latter case can be considered to represent the condition above the ballast, although initially the ground is considered to be acoustically hard. In this case, the sound radiation of the rail also depends on the distance of the base of the rail from the ground. In all cases the ground is assumed to be nonmoving. In all the calculations it is assumed, for simplicity, that the rail vibrates with a rigid body motion either vertically or horizontally, which is valid for frequencies below about 2 kHz for vertical motion and about 1 kHz for lateral motion. At higher frequencies, cross-sectional deformation will occur which is neglected here [12] .
In order to include the ground in the model, a half-space formulation could be used. However, in order to allow for an absorptive surface later, a rigid box is included beneath the rail with 6 dimensions chosen to be large enough that the edges have negligible effect on the results. This box has to be closed in the direct BEM method but apart from the top its surfaces are arbitrary.
The box should extend at least one acoustic wavelength on each side of the rail. Two different models are used for low and high frequencies. The box dimensions are 20 m (width)  1.05 m (height) for low frequencies up to 500 Hz and 3 m  0.1 m for high frequencies for the case of the rail on the ground. For the rail above the ground a 15 m wide box was used at low frequencies but the other dimensions were the same. The boxes are shown in Fig. 2 . In each case the sound radiation from the rail will be normalised according to the radiating surfaces of the rail using Equation (1) . As is well known, for exterior BE problems, singularities occur at the natural frequencies of the corresponding interior problem. To overcome this, the 'CHIEF' method [19] is used in which a small number of additional points are added inside the mesh to constrain the problem. Constructive and destructive interference between the sound radiation from the rail head and the rail foot cause these fluctuations in the radiation ratio. Taking the dip at 1 kHz, for example, the distance between the centre of the rail head and the rail foot is approximately half the acoustic wavelength at this frequency. Thus a dip occurs at this frequency because of destructive effects, whereas at 2 kHz the distance is equal to the wavelength and a peak occurs.
When the rail is located above the rigid ground, the line dipole source will be reflected in the ground plane, so that for vertical motion a line quadrupole will be formed by the source and its
image. This gives a slope proportional to 5 f at low frequency. It also can be seen that a peak occurs at 850 Hz when the rail foot is 0.02 m above the ground. At this frequency the acoustic 8 wavelength is equal to 0.4 m which is twice the distance between the centre of the rail and its image source; hence at this frequency the two dipoles reinforce. For larger distances between the rail and the ground the peak moves to lower frequencies and becomes less pronounced. For the model of the rail attached to the rigid ground, however, the bottom of the rail foot cannot radiate sound, which means that the top and the bottom areas of the rail section are not equal. A net line monopole is present and the radiation ratio is proportional to f at low frequency. At high frequencies the results are similar for all three cases. However, a sharp peak occurs when the distance between the rail foot and the ground is equal to half a wavelength (3.4 kHz for 50 mm separation, 1.7 kHz for 100 mm) as a narrow cavity is formed beneath the rail foot. At low frequencies the calculated radiation ratios in these three cases have the same slope, which is again proportional to 3 f . Therefore, when the rail moves laterally, the rail source can be treated as a line dipole for all three cases. However, in the presence of the rigid ground the effective size of the dipole is increased, shifting the transition frequency downwards and increasing the radiation ratio at low frequencies. 
Effects of an absorptive ground on the sound radiation of the rail
In practice, the ground is not rigid, but has absorptive properties which can be described by the ground impedance. For engineering outdoor sound propagation problems, a simple and widely used model for ground impedance is that originally proposed by Delany and Bazley [20] for porous materials. This model depends only on a single parameter, the flow resistivity, . For ground, an equivalent value of flow resistivity can be selected by comparison with a measured impedance. Although more elaborate models are also available, e.g. [21] , for simplicity in the present study the Delany and Bazley model is used with a range of values of flow resistivity in order to test the sensitivity of the results to variations in the ground impedance. resistivity for an infinitely thick layer of material. As can be seen, the normalised impedance 00 n zc  tends to 1 as frequency increases, but at low frequency it has large real and (negative) imaginary parts. It can be expected that as the normalised impedance tends to 1, the surface will be able to absorb sound effectively. As shown in Fig. 4 , the impedances obtained using the lower values of flow resistivity correspond to a more absorptive ground. Figure 4 . As can be seen in Fig. 5 , for both vertical and lateral motion, the rail will radiate less noise when attached to an absorptive ground than for a rigid ground, especially at low frequency.
Likewise, the sound radiation of the rail located 0.02 m above an absorptive ground is shown in Fig. 6 . It can be seen in Fig. 6 (a) that for vertical motion a more absorptive ground causes the rail 11 to radiate more noise at low frequency. This is because the absorptive ground partly destroys the cancellation present for a reflective ground which led to the formation of a quadrupole source. At higher frequency, however, particularly between 600 and 2000 Hz, the absorptive ground causes a reduction in the sound radiation of the rail. On the other hand, for lateral motion, as the ground becomes more absorptive the rail radiates less noise over the whole frequency range, especially between 200 and 1000 Hz, where reductions of up to 7 dB are obtained. Sound radiation of the rail allowing for wave propagation 3.
Wavenumbers in a rail
The numerical predictions described above are based on the rigid body motion of the rail crosssection in two dimensions. This assumption is valid if the wavenumber in the rail is much smaller than the wavenumber of sound in air [12] . It is no longer valid at low frequency, especially for an unsupported rail for which a critical frequency c f exists, at which the wavenumber in the rail is equal to that in air.
In order to obtain the wavenumbers of a rail for different wave types, a 2.5D finite element method has been applied. WANDS [13] , a 2.5D FE software, is used here to extract the wavenumber of an unsupported rail. This method allows the eigenvalue problem to be solved to obtain the frequencies corresponding to specified wavenumbers. Fig. 7 (a) presents these dispersion results for the unsupported rail vibrating in vertical/longitudinal waves, while Fig. 7(b) gives the results for lateral/torsional waves. As can be seen, for both vertical and lateral motion, various wave types occur. More details of the various waves can be found in [13, 22] . The first wave type in each case is the bending wave. Also shown in Fig. 7 is the acoustic wavenumber.
The frequency at which this line crosses the bending wave curve can be identified as the critical frequency. For vertical motion this is 57 Hz; for lateral motion it is 141 Hz.
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(a) Vertical motion (b) Lateral motion For a stiffer support the cut-on frequencies would be higher and again there would be no critical frequency. For frequencies below around 2 kHz, the bending wave dominates in the structural vibration of the rail [1] . The wavenumber ratio 2D kk for vertical and lateral bending waves in an unsupported rail up to 2 kHz is presented in Fig. 9(a) . The critical frequency is marked by the vertical dotted and dashed lines for vertical and lateral motion, respectively. As can be seen, the ratio 2D kk increases from 0 at c f and tends to 1 at high frequencies.
For the prediction of the radiation from the unsupported rail at low frequency, it is necessary to use a modified wavenumber in the 2D BE calculation, according to Eq. (3). This modified wavenumber will be used in the boundary element model to calculate the rail radiation for frequencies above the critical frequency.
For a supported rail, however, no waves propagate below the cut-on frequency of waves in the rail. Below that frequency the waves are strongly attenuated and a point source model is more appropriate than the 2D line source model [12] . The corresponding wavenumber ratio for the supported rail is presented in Fig. 9(b) , which is different from the results for the unsupported rail at low frequencies. For the vertical motion, the wavenumber ratio is close to 1 over the whole frequency range above the cut-on frequency at 327 Hz. This means that the 2D numerical prediction for the sound radiation without wavenumber correction will be valid for the supported rail above the corresponding cut-on frequency.
For the lateral direction, as can be seen, the cut-on frequency of the supported rail is lower than for the vertical direction due to the lower stiffness of the rail pad and the lower bending stiffness of the rail. In addition, a higher rail pad of 225 MN/m 2 is also considered for the lateral direction.
This gives a cut-on frequency of 173 Hz. The ratio 2D kk has minimum values of 0.67 for the soft pad and 0.8 for the stiff one. rail in close proximity to the rigid ground with and without the wavenumber correction. As can be seen, for both vertical and lateral motion, the corrected 2D prediction drops at low frequency, especially close to the corresponding critical frequencies. At high frequency, however, the radiation ratios of the rail with and without correction are nearly the same as each other.
Comparison is also made with the sound radiation of the supported rail for the free space boundary conditions in Fig. 11 . As can be seen, for vertical motion, the sound radiation from the supported rail is identical to that for the unsupported rail. No corrections are necessary for the supported rail. For lateral motion, the sound radiation from the supported rail with both soft and stiff rail pads is predicted, as shown in Fig. 11(b) . It can be seen that with the rail pads the radiation ratio increases at low frequency, tending to the 2D result, so the corrections found for the unsupported rail will not be applicable for the supported rail at low frequency. Between approximately 250 and 500 Hz the radiation ratio of the supported rail is up to 5.6 dB lower than that obtained using the 2D analysis for the soft pad and 3.5 dB for the stiffer pad. This means that the 2D numerical correction in the lateral case at low frequency depends on the rail pad stiffness. At higher frequency, however, the 2D numerical prediction without wavenumber correction can be used for the lateral motion of the supported rail.
(a) Vertical motion (b) Lateral motion 
Experimental validation 4.
To validate the BEM modelling of the rail radiation described above, measurements have been carried out using a 1/5 scale freely suspended rail. The rail has a length of 2 m. It is a commercially available steel rail used for miniature railways and is approximately a 1/5 scale replica of the CEN60E1 section. The dimensions of the full size and scale rail cross-sections are presented in Fig. 13 . Note that the web is thicker than its full size counterpart and the head is slightly wider but otherwise the main dimensions are correct to a scale 1:5. The behaviour of this scale rail is therefore approximately that of a full size rail at 5 times the frequency. Thin strips of a constrained layer damping treatment with a thickness of 1 mm have been attached to the bottom of the rail foot. This increases the damping ratio of the rail and simplifies testing by 
Theory of experimental method
The radiation ratio has been measured by adopting a reciprocity approach [24] in which the sound power is measured in a reverberant room by acoustically exciting the rail and measuring its vibration levels. The rail transfer mobility is measured separately. The validity of the reciprocity method has been checked against direct methods and numerical calculations for various test specimens in [24] .
The approach is summarised here. Eq. (1) can be rearranged as According to Eq. (4), two tests are required. One is used to measure the transfer mobilities, while the other is used to obtain the sound power for a given squared force. The latter has been determined reciprocally by measuring the acceleration response to a sound pressure field in a reverberation chamber [24] . The sound power W radiated by a vibrating structure, normalised by the mean-square force 2 F exciting the structure, is equivalent to 
Test procedure
The transfer mobility has been measured at 41 points, equally spaced along the rail, for three different excitation positions. A small impact hammer was used to allow the rail to be excited for frequencies up to 10 kHz. For each position of input force, the data obtained was averaged 5
times. Structural reciprocity has been used during the mobility tests, so that the hammer is moved along the length of the rail and the response is measured at the three fixed 'excitation'
positions.
The acceleration response of the structure to a measured sound pressure field has been obtained in a reverberation chamber of volume 348 m 3 . Four loudspeakers, excited by white noise over the frequency range up to 10 kHz, were used to create the sound field. The spatially averaged sound pressure 2 Q p has been obtained with a microphone placed on a rotating boom.
Verification of rail sound radiation
The scale rail was tested in free space, above a rigid ground and above an absorptive ground, for both vertical and lateral vibration. The case of the rail on a rigid ground, however, is not considered as it was found to be difficult to realize the same boundary conditions as in the BE model where the bottom of the rail foot was rigidly fixed to ground.
As the rails are tested in free condition structurally, it is necessary to determine the critical frequency c f of the scaled rail, which is the same as that defined for an infinite rail as shown in Eq. (3) . A corresponding FE model has been made for the scale rail from which it is found that the critical frequency for vertical motion is 285 Hz for vertical motion and 700 Hz for lateral motion. The experimental results are compared with numerical predictions obtained for the scale rail in following sections.
Rail in free space
The rail was initially suspended by elastic cords 1 m above the floor of the chamber, which is far enough to consider the rail as being in free space for frequencies above 150 Hz, at which the distance is more than half the acoustic wavelength (similarly in ISO 3741 [25] sources should be 22 at least 1.5 m from the walls of the chamber for measurements above 100 Hz). The rail acceleration was measured in the vertical direction in the centre of the rail head. A comparison of the measured sound pressure level with the background noise is shown in Fig. 14(a) . All results are shown in one-twelfth octave bands. This provides some smoothing of the measured data, while retaining a finer resolution than the more usual one-third octaves. Fig. 14(b) shows equivalent results for the vertical acceleration signal. As can be seen, an adequate signal-to-noise ratio was achieved for the sound pressure, and at most frequencies above 300 Hz for the acceleration. Fig. 15 (a) presents the normalised power obtained by the reciprocity method. The spatially averaged transfer mobility of the rail is shown in Fig. 15 (b), which shows a series of peaks corresponding to the modes of the finite length of rail. Fig. 14(b) . Clearly the acoustic behaviour of these low frequency modes can differ from that of the simple line dipole even above the critical frequency. The measured results at the dips agree better with the predictions including the wavenumber correction. In the frequency range 900 Hz~4 kHz, the experimental results agree very well with the numerical predictions with or without correction. However, the measurement results are larger than the numerical ones above 4 kHz, probably because of the influence of cross-sectional deformation of the rail which occurs at high frequency, whereas the predictions are based on a rigid vertical motion of the rail.
At around the critical frequency, the radiation ratio from the corrected 2D prediction drops dramatically. At and below the critical frequency, the measured result is strongly affected by the end effects of the finite length of the rail, which are not considered in the model. These are similar to corner and edge modes on a plate [23] .
For the rail with lateral motion in free space in Fig. 16(b) , the accelerometer positions were at the centre of the web, and the mobility was measured for excitation at the corresponding web position. This was used, instead of an excitation at the rail head, in order to minimise the contribution of torsional vibration of the rail and to give a better comparison with the boundary element results which are based on rigid lateral motion. As can be seen, good agreement is achieved up to 7 kHz. Between the critical frequency of 700 Hz and about 2 kHz the measurement follows the trend of the corrected BEM predictions. At very high frequencies, the measured radiation ratio is greater than the predictions, which is again likely to be due to the neglect of cross-sectional deformation of the rail in the numerical model. Web bending is expected to occur at about 1.5 kHz for the full scale rail [22] , which corresponds to 7.5 kHz for the 1/5 scale rail. Below the critical frequency, the sound radiation will be again determined by end effects of the finite length rail.
(a) Vertical motion (b) Lateral motion Fig. 16(a) . It can be seen that the scale rail will radiate more noise than that in free space between 1.5 and 3.5 kHz. The peak observed in the predictions at 9 kHz is not seen in the measurements, possibly due to the variations in the distance above the ground.
In Fig. 17(b) , for the rail vibrating laterally, the same trends are seen in the measurements and the numerical predictions and good agreement is seen, particularly between the experimental results and the corrected 2D prediction. Below 2 kHz, the level difference is greater than 0 dB, which means the rail above the rigid ground will radiate slightly more noise than that in free space.
Conclusions
5.
Using a two-dimensional boundary element model, it has been shown that the sound radiation of a rail in free space has the behaviour of a line dipole. For vertical motion above a rigid ground this is changed to that of a line quadrupole, while it becomes a line monopole when the rail is attached to the rigid ground. For lateral vibration of the rail, however, the radiation follows the characteristics of a line dipole for all three cases. Furthermore, if the rail is attached to an absorptive ground, the noise radiated by the rail reduces as the absorption is increased. For the rail above an absorptive ground, the ground absorption will reduce the sound radiated by lateral motion of the rail over the whole frequency range. For the rail vibrating vertically, however, at low frequency, an absorptive ground will make the rail radiate more noise than above a rigid ground but less than the rail in free space, whereas the rail radiation will be reduced at higher frequencies. 
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Corrections to the 2D predictions have been introduced to allow for the wavenumber in an unsupported rail, which are significant in the vicinity of the critical frequency of the rail.
However, for a supported rail in track these corrections are not applicable. For vertical motion it is shown that no correction is required whereas for lateral motion, the specific correction required at low frequency will be less than that for an unsupported rail and will depend on the stiffness of the rail pad used in practice.
Corresponding measurements have been performed on a reduced scale rail to verify the numerical predictions for the rail in different configurations. For both vertical and lateral vibration, very good agreement has been found between the measured results and numerical predictions for all configurations. In general, however, the measured radiation ratio is somewhat greater than the numerical estimates at high frequency, which is probably due to the presence of cross-section deformation which has been neglected in the BEM calculations. 
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